Abstract. We find summation identities and transformations for the McCarthy's p-adic hypergeometric series by evaluating certain Gauss sums which appear while counting points on the family
Introduction and statement of results
It is a well known result that the number of points over a finite field on the Legendre family of elliptic curves can be written in terms of a hypergeometric function modulo p. In [17] , A. Salerno extends this result to a family of monomial deformations of a diagonal hypersurface. She finds explicit relationships between the number of points and generalized hypergeometric functions as well as their finite field analogues. Let X λ denote the family of monomial deformations of diagonal hypersurfaces X λ : x . . , h n ) = 1. For λ ∈ Z, let N Fq (X λ ) denote the number of points on X λ in P n−1 Fq , where F q is the finite field of q = p eelements. Under the condition that dh 1 · · · h n |(q − 1), A. Salerno [17, Thm. 4.1] expresses N Fq (X λ ) − N Fq (X 0 ) as a sum of finite field analogues of hypergeometric functions defined by N. Katz [12] . She studies the special case Dwork family X Key words and phrases. Character of finite fields, Gauss sums, Jacobi sums, Gaussian hypergeometric series, Teichmüller character, p-adic Gamma function, p-adic hypergeometric series, algebraic curves.
McCarthy's p-adic hypergeometric series n G n [· · · ] (defined in Section 2) under the condition that p ≡ 1 (mod 4). Recently, the authors with H. Rahman [1] express the number of F q -points on X d λ in terms of McCarthy's p-adic hypergeometric series when d is any odd prime such that p ∤ d and q ≡ 1 (mod d), which gives a solution to a conjecture of H. Goodson [6] .
The aim of this paper is to find summation identities and transformations for the McCarthy's p-adic hypergeometric series and Greene's finite field hypergeometric series. In [2] , the authors with D. McCarthy find eight summation identities for the p-adic hypergeometric series by counting points on certain hyperelliptic curves over a finite field. Here we apply similar technique to the 0-dimensional variety
and deduce the summation identities. Under the condition that d|p − 1, A. Salerno expresses the number of points over a finite field F p on the family Z λ in terms of quotients of p-adic gamma function (for example, see [17, Lemma 5.4] ). In the following theorem, we express the number of points over a finite field F p on the family Z λ in terms of McCarthy's p-adic hypergeometric series for any odd prime p not dividing d(d − 1).
is given by
We evaluate certain Gauss sums which appear while counting points on Z λ over F p and deduce the following two summation identities. Let φ denote the quadratic character on F p . Theorem 1.2. Let d ≥ 3 be odd and p an odd prime such that
Using the summation identities, we obtain the following two point count formulas for Z λ .
In the following example, we take some values of d to show how our results are applied to particular cases. |x ,
|x .
The first identity is valid for p = 3 and all p > 5; whereas the second identity is valid for all prime p > 3.
In [8] , J. Fuselier and D. McCarthy stablish certain transformations and identities for the G-function, and use them to prove a supercongruence conjecture of Rodriguez-Villegas between a truncated 4 F 3 classical hypergeometric series and the p-th Fourier coefficients of a weight four modular form, modulo p 3 . Here, we prove that the G-function satisfies the following transformations.
Finally, we find a summation identity for the Greene's finite field hypergeometric series. We first recall some definitions to state our results. Let q = p e be a power of an odd prime p and F q the finite field of q elements. Let F where B is the character inverse of B. In [9] , J. Greene introduced the notion of hypergeometric series over finite fields which are also known as Gaussian hypergeometric series. For any positive integer n and characters A 0 , A 1 , . . . , A n and B 1 , B 2 , . . . , B n ∈ F × q , the Gaussian hypergeometric series n+1 F n is defined to be
where the sum is over all multiplicative characters χ on F q . The motivation for deriving summation identities for Greene's hypergeometric series is the following summation identity due to Greene [9, Theorem 3.13] . Let A 0 , A 1 , . . . , A n , B 1 , . . . , B n be multiplicative characters on F q and let x ∈ F q . Greene proved that
We first express the number of F q -points on Z λ in terms of Greene's hypergeometric series in the following result. Theorem 1.10. Let p be an odd prime and q = p e for some e > 0.
where χ and ψ are characters of order d and d−1 respectively, and α = λ
Using the above point-count formula, we prove the following summation identity. Unlike to (1.1) our summation identity contains characters of specific orders. It would be interesting to know if the identity could be derived from (1.1). Theorem 1.11. Let p be an odd prime and q = p e for some e > 0.
|λ , where χ and ψ are characters of order d and d − 1 respectively.
If we put d = 3 in Theorem 1.11, then, for λ = 0, we have
where χ 3 is a charcater of order 3. In particular, if we take λ = −1, then we have
If we apply (1.1), then we have 
We now introduce some properties of Gauss sums. For further details, see [5] noting that we have adjusted results to take into account ε(0) = 0. Define the additive character θ :
where ζ p = e 2πi/p and tr : F q → F p is the trace map given by
For χ ∈ F × q , the Gauss sum is defined by
It is easy to see that θ(a + b) = θ(a)θ(b) and
Using (2.3) one easily finds that g(ε) = −1.
The following lemma provides a formula for the multiplicative inverse of a Gauss sum. Let T be a generator of the cyclic group
Using orthogonality, we can write θ in terms of Gauss sums as given in the following lemma.
For χ, ψ ∈ F × q we define the Jacobi sum by J(χ, ψ) := t∈Fq χ(t)ψ(1 − t). We will use the following relationship between Gauss and Jacobi sums (for example, see [9, Eqn 1.14]). For χ, ψ ∈ F × q not both trivial, we have 
p-adic
Gamma function, Gross-Koblitz formula and McCarthy's padic hypergeometric series. Let Z p denote the ring of p-adic integers, Q p the field of p-adic numbers, Q p the algebraic closure of Q p , and C p the completion of Q p . It is known that Z × p contains all the (p− 1)-th roots of unity. Therefore, we can consider multiplicative characters on F × p to be maps χ :
in the p-adic setting the Gauss sum g(χ) takes value in Q p (ζ p ) for any χ ∈ F × p . We now recall the definition of p-adic gamma function. For further details, see [13] . The p-adic gamma function Γ p is defined by setting Γ p (0) = 1, and for positive integer n by
If x and y are two positive integers satisfying
. Therefore, the function has a unique extension to a continuous function
where x n runs through any sequence of positive integers p-adically approaching x. We now introduce Gross-Koblitz formula, which allows us to relate Gauss sum and the p-adic Gamma function. Let π ∈ C p be the fixed root of
2 ). For x ∈ Q we let ⌊x⌋ denote the greatest integer less than or equal to x and x denote the fractional part of x. We have x = x − ⌊x⌋ and 0 ≤ x < 1. Recall that ω denotes the character inverse of the Teichmüller character ω.
We also need the following lemma to prove the main results.
Lemma 2.7. ([2, Eqn 3.4, Lemma 3.4]).
For odd prime p and 0 < l ≤ p − 2, we have
We now state a product formula for the p-adic Gamma function.
In [15, 16] , D. McCarthy introduces the notion of hypergeometric series in the p-adic setting which are now famously known as p-adic hypergeometric series. The McCarthy's p-adic hypergeometric series n G n [· · · ] is defined as follows. 
3. Counting points on Z λ :
In this section, we prove Theorem 1.1 which expresses the number of points over a finite field F p on the 0-dimensional variety Z λ :
in terms of p-adic hypergeometric series. We first prove a lemma which will be used to derive the point count formula. Lemma 3.1. Let p be an odd prime. Then for 0 < l ≤ p − 2 we have
Proof. We have
Now, it is enough to prove that
We now prove the lemma by considering some cases. 
and this implies
Combining (3.5) and (3.6) we find that (3.2) is also true in this case. This completes the proof of (3.2). Now, we are going to prove (3.3) using similar arguments. Since 0 < 
Using (3.7) we find that 
Hence, (3.3) is also true in this case. Finally, combining (3.2) and (3.3) we complete the proof of the lemma.
We now prove the point count formula for the family Z λ :
Proof of Theorem 1.
Using the identity
where B = 2 z,x1∈F
). Using Lemma 2.3 and Lemma 2.1 we obtain B = −2(p − 1).
Again, using Lemma 2.3 we obtain
From Lemma 2.1 we observe that the inner sums are non zero only if n = −dl and m = (d − 1)l. Substituting these values in the above sum we have
Now, taking T = ω and applying Gross-Koblitz formula we obtain
Applying Lemma 2.8 we deduce that
Using Lemma 3.1 and Lemma 2.7, we have
Adding and subtracting the term under summation for l = 0, we obtain
Since ω l (−1) = (−1) l , we have the following expression for A in terms of the Gfunction.
|α , (3.14)
Finally, substituting the expressions for A and B in (3.11), and then using (3.9) we complete the proof.
Summation identities for the p-adic hypergeometric series
In this section, we prove both the summation identities for the p-adic hypergeometric series stated in Theorems 1.2 and 1.3. In the following two lemmas, we express certain products of values of p-adic Gamma function in terms of certain character sums.
Using Gross-Koblitz formula we find that
Now, using (2.4) we deduce that
Finally, combining (4.2) and (4.3) we obtain the desired result.
Proof. If we put l = 0 in both the sides of (4.4) then we obtain that the left hand side is 1 and the right hand side is equal to − t∈Fp φ(t(t − 1)). Using (2.4) and Lemma 2.2, we easily find that t∈Fp φ(t(t − 1)) = −1, and hence the right hand side of (4.4) is also 1. Thus, (4.4) is true for l = 0. For 1 ≤ l ≤ p − 2, the proof proceeds along similar lines to the proof of Lemma 4.1 so we omit the details for reasons of brevity.
Proof of Theorem 1.2. For x ∈ F × p , we consider the sum
Since d is odd, the term A given in (3.13) is equal to A α with α = λ
. Thus, proceeding similarly as shown in the proof of Theorem 1.1 we deduce that
Also,
.
Using Lemma 3.1 we have
Lemma 4.1 yields
The term under summation for l = 0 is t∈Fp φ(t(t − 1)). Using (2.4) and Lemma 2.2, we easily find that t∈Fp φ(t(t − 1)) = −1. Thus,
Finally, combining (4.6) and the above expression for A x we derive the required summation identity.
Proof of Theorem 1.3. For x ∈ F × p , we consider the sum
Since d is even, the term A given in (3.13) is equal to A α with α = λ
We now apply Lemma 3.1 and Lemma 2.7 to obtain
Adding and subtracting the term under summation for l = 0, and then applying Lemma 4.2 we deduce that
Finally, combining (4.8) and the above expression, and then replacing 1/t by t we complete the proof.
Transformations and special values of the p-adic hypergeometric series
In this section, we derive transformations for the p-adic hypergeometric series. We use these transformations to find certain special values of the G-function. In [3] , we express the number of distinct zeros of the polynomials x d + ax + b and x d + ax d−1 + b over a finite field in terms of McCarthy's p-adic hypergeometric series. We use certain Gauss sums evaluations from [3] in the proof of Theorem 1.7 below.
Proof of Theorem 1.7. For λ ∈ F × p , we consider the sum
Since (3.12) and (5.1) contain the same Gauss sums, so proceeding similarly as shown in the proof of Theorem 1.1, we deduce that
We observe that the Gauss sums present in (5.3) are the same Gauss sums appeared in [3, Eqn 11] . Therefore, proceeding similarly as shown in the proof of [3, Theorem 1.2], we deduce that 
Again, we observe that the Gauss sums present in (5.5) are the same Gauss sums appeared in [3, Eqn 22] . Therefore, proceeding similarly as shown in the proof of [3, Theorem 1.3], we deduce that
Finally, combining (5.2) and (5.6) we obtain the desired transformation when d is odd. This completes the proof of the theorem.
Remark 5.1. For λ = 0, the number of points in P
1
Fq over a finite field F q on the family Z λ :
is equal to the number of distinct zeros of the polynomial Combining (5.8), (5.9) and (5.7) we obtain the second set of transformations.
In [2] , the authors with D. McCarthy find certain special values of the G-function. We use the transformations given in Theorem 1.7 to find some new values of the G-function.
Summation identities for Greene's hypergeometric series
In this section we prove the point count formula for the family Z λ and the summation identity for Greene's hypergeometric series. We first prove two lemmas which will be used to prove our main results. The following lemma is a special case of Davenport-Hasse relation.
Lemma 6.1. Let d be a positive integer and let p be an odd prime and q = p r such that q ≡ 1 (mod d). Then for t ∈ {1, −1} and l ∈ Z we have Proof. If we put l = 0 on the left hand side of (6.1), then we have
g(φ)
= −1. Also, if we simplify the expression on the right hand side of (6.1) for l = 0, then we have Using (2.4) and then Lemma 2.2 we obtain that the above sum is equal to −1. Thus the right hand side of (6.1) is also −1. So, the result is true for l = 0. Now, for l = 0 using Lemma 2. This completes the proof of the lemma.
We now prove Theorem 1.10 which will be used to deduce the summation identity.
Proof of Theorem 1.10. Let #Z λ (F q ) = #{(x 1 , x 2 ) ∈ F 
